Abstract. In [2] it is shown that on the space of holomorphic functions convergence with respect to any 'reasonable' Fréchet topology implies uniform convergence on compact sets. The question is raised whether a result like this can be proved for other natural function spaces.
Topologies on the space of holomorphic functions
The following theorem is proved in [2] with a method based on the Hahn-Banach theorem and Cauchy estimates for holomorphic functions. We give an alternative proof based on the closed-graph theorem. This argument lies at the heart of our extension to more general function spaces.
Theorem 1.1 ([2]).
Let Ω ⊂ C n be a pseudoconvex domain. Let τ be a Fréchet space topology on the space H(Ω) of holomorphic functions in Ω, and assume that each continuous semi-norm with respect to τ can be majorized by a continuous semi-norm with respect to C ∞ (Ω). If a sequence of functions (f j ) j ⊂ H(Ω) converges in the topology of τ , then it converges uniformly on compact sets.
be the Fréchet space of C ∞ -functions in Ω endowed with the topology τ C ∞ of uniform convergence with all derivatives on all compact sets. The space of holomorphic functions H(Ω) is a closed subspace of (C ∞ (Ω), τ C ∞ ) by the Weierstrass approximation theorem. Thus (H(Ω), τ C ∞ ) is a Fréchet space, and by assumption the identity map
is continuous between Fréchet spaces, hence a topological isomorphism by the closed-graph theorem. Consequently, every sequence (f j ) j ⊂ H(Ω) that converges in the topology of τ converges uniformly with all partial derivatives on compact subsets.
Hypoelliptic sheaves
Definition 2.1. Let M be a C ∞ -manifold, and let A be a differential operator with C ∞ -coefficients acting in sections of the smooth vector bundles E and F that satisfies the following hypoellipticity condition:
Let then H be the sheaf of sections of E given by
for every open subset Ω ⊂ M . We call H a hypoelliptic sheaf.
In Definition 2.1 and further below, we tacitly assume that an arbitrary density on M is chosen, and likewise a metric on the vector bundles, in order to embed functions into distributions. For the purposes of this note, the concrete choices do not matter. Hypoelliptic sheaves arise as examples of a general functional analytic theory of (nuclear) topological sheaves (of functions) as elaborated in [1] and related references. 
and the∂-operator enjoys the hypoellipticity condition of Definition 2. Moreover, we have the sheaf (D ′ , τ D ′ ) of distributional sections of E equipped with the weak- * -topology. The latter, however, is not a Fréchet sheaf. We have
with continuous embeddings. The following proposition is an extended elaboration of Example 1.3(7) in [1] (p. 326).
). The induced topologies τ C ∞ , τ C , and τ L p loc all coincide on H.
is continuous, its kernel H(Ω, E) is a closed subspace with respect to the topology τ D ′ . Note that, by the hypoellipticity condition, the kernel of A on D ′ (Ω, E) is the same as the kernel of A on C ∞ (Ω, E). Consequently, H(Ω, E) is a closed subspace of C ∞ (Ω, E) with respect to τ C ∞ , of C(Ω, E) with respect to τ C , and of L p loc (Ω, E) with respect to τ L p loc since it is the preimage of itself with respect to the continuous inclusion maps into (D ′ (Ω, E), τ D ′ ). Thus the identity maps
are continuous between Fréchet spaces, and so they are topological isomorphisms by the closed-graph theorem.
The following represents a generalization of Theorem 1.1 to the setting of hypoelliptic sheaves.
Theorem 2.4. Let H be a hypoelliptic sheaf, and let Ω ⊂ M be an open subset. Let τ be a Fréchet topology on H(Ω, E) such that every continuous semi-norm with respect to τ is majorized by a coninuous seminorm with respect to τ C ∞ .
Then τ = τ C ∞ on H(Ω, E), and so every τ -convergent sequence (f j ) j ⊂ H(Ω, E) converges uniformly with all derivatives on all compact subsets of Ω.
Proof. The proof is the same as the one of Theorem 1.1. By assumption, the identity map is continuous between the Fréchet spaces
and thus a topological isomorphism by the closed-graph theorem. Hence τ = τ C ∞ on H(Ω, E).
Remark 2.5. The proof of Theorem 2.4 makes only use of the fact that (H(Ω, E), τ C ∞ ) is a Fréchet space. This is true for the null-spaces in C ∞ of arbitrary differential operators A with smooth coefficients and does not require hypoellipticity. Hypoelliptic sheaves H, however, share the property with the sheaf of germs of holomorphic functions that all natural function space topologies are Fréchet on H and coincide with the topology τ C ∞ by Proposition 2.3.
